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1. In this paper we give an alternate proof and a strengthened version 
of a result by I’. H. Rabinowitz [l]. The principle result of this work concerns 
the existence of continua of solutions of a nonlinear Sturm-Liouville problem. 
His arguments are based on the use of the Leray-Schauder degree and, 
more particularly, on the behavior of the degree of a strictly nonlinear map 
near a singular point. We use degree theory as well, but in such a way that 
we need merely compute the degree of a trivial problem after an appropriate 
homotopy. By this method, with no extra effort, we can work with general 
nonlinear operators (cf. [2]) rather than just with composition with nonlinear 
functions as is done in Ref. [I]. 
2. Where convenient, we will use the notation of Ref. [1] and refer 
the reader there as well for a summary of the basic properties of degree 
(cf. [I], Appendix). The problem we consider is 
-(P(u, A) u’)’ j- Q(u, A) = hF(u, A) 
a,u(O) f b,u’(O) = UlU(3T) + b,u’(n-) = 0 
(2.1) 
where h is a real parameter, u is a function in C2[0, ~1 (or the Sobolev space 
H2[0, n]), and the boundary conditions are real and nontrivial. The prime 
denotes differention with respect to x and P, Q, and F are defined as follows: 
(i) P(u, X) has the form p,(x) + P2(u, h), where p&x) is a strictly 
positive function in Cl = Cl[O, ~1 and P2 is a continuous, bounded (i.e., 
takes bounded sets to bounded sets) map of Cl x R into Cl satisfying 
P2(0, X) = 0. Furthermore, for each bounded set in Cl x R, there is a 
6 > 0 such that Pz > 6 as a function on [0, ~1. 
(ii) Q has the form q,,(x) u + qr(x, u, u’, h) + Q2(u, h) u, where q,,(x) 
is in Co = CO[O, ~1, ql(x, 5, 7, X) is a continuous function on [0, l] x R3 
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which is o((p + 72)1/Z) near (E, 7) = (0, 0), uniformly on bounded /\ sets, 
and Q2 is a continuous bounded map of Cl x R into Co, satisfying 
Q2(0, A) = 0. 
(iii) F has the form 
44 u + fi(x> u, u’, 4 + F2(u, 4 u, 
where a(z) > 0 is in C” and fi and F2 are as q1 and Q2 above, respectively. 
As in [I] we let E denote the set of u E Cl satisfying the boundary condi- 
tions of (2.1) and set R x E ::= 8, with the norm of (h, U) = / X / + 11 u /I1 , 
/I /Ii being the norm in Cl. The symbol S,+ denotes the open set of functions 
in E which have precisely k - I interior nodal zeros on (0, r) and which are 
positive near zero. We let 
s,- = -ss,+, ,u;c+ = R x S,+, .$- = R x Sk-, 
and let 9 denote the closure in d of the set of nontrivial solutions of (2.1), 
trivial ones having the form (h, 0). 
The problem 
(PO(X) u’)’ f qo(x) u = Xa(x) u UEEAC~ (2.4 
results from linearizing (2.1) about (h, 0). A s is well-known, it has a sequence 
of simple eigenvalues X,: approaching -too with corresponding eigenvectors 
in S,+ (or S,-). 
LEMMA 2.1. Let Z(u) be a linear functional on Cl defined by Z(u) = 
c+(O) + /&u’(O), where a,,b,, - PIa0 f 0. Consider the equation 
(Pd)’ -1 Q&4 A) = ~,(u, 4 UEEflC2 (2.3) 
fOY 0 < t :< 1, where P, = p0 + tP, , Qt = q,u + tql + tQ2 . u, and 
Ft = a . u + tfi + tF2 u. Then for any bounded set 0 C 8, there is a constant 
h such that ~1 i II1 < k / Z(G)/, whenever (& c) is a solution of (2.3) lying in 0. 
Proof. If (X, “) u is any solution in 0, for some t E [0, 11, we evaluate P, , 
Q 2, and F, at (A, ti), thereby obtaining functions of x lying in fixed bounded 
subsets of Cl, Co, and Co, respectively, the fixed sets arising from the choice 
of 0, according to the properties assumed of Pz , Q2, and F, . Moreover, 
since p, + P, > 6 > 0 and p, is greater than some 6, > 0 the function 
pa(x) = pO(.z) + tP,(u”, A) > 6, -:= min(6, 6,) independently of the t occuring. 
Then letting ui(x) = U(X), U*(X) = p,(x) ur’(x), and U = (ui , u,), we know 
that 0 = (u”, p, , 3) is a solution of a system of two equations which we 
can write as 
U’ 7 H(lJ, x) U(0) = O(O), (2.4) 
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having also set X = 1, where it occurs. Here H is continuous and 
[ H( U, x)I < C 1 U 1, where the double bar denotes the norm in R x R 
and C is constant depending upon the choice of 0. The problem (2.4) is 
equivalent to 
U(x) = o(O) + jz H( U(s), s) ds. (2.5) 
0 
Letting n(x) be the norm / U(x)1 and n(0) = j o(O)i, we obtain 
n(x) < n(O) + jz C * n(s) ds 
0 
which, as is well-known, implies n(x) < n(0) eC5. But since I is independent 
of the linear functional giving the boundary condition at x = 0 (cf. (2.1)), 
we have n(0) < K’ 1 Z(u”)~, from which the lemma follows. 
Remark. An argument like that above shows that only a trivial solution 
of (2.3) can have a double zero. 
For w in H2[0, ~1 n E, we define (the selfadjoint operators) 
Low = (pow’)’ + 4&) w 
and, for a given (h, U) in 8, 
L,w -= (P2(ff, X)(x) w’)‘. 
Now, if 0 C d is a bounded open set containing (X, , 0), we let 
Cl = inf min (Low + t-k4 w) 
(A.ZoEO w&n35 (w, w) ’ 
o<t<1 
where (e, .) denotes the inner product in L2[0, ~1. Since Pz is a bounded 
map, cr will be greater than -00 and if we choose c so that c . a(x) + cl 3 I 
for 0 ,< x < 1, then (Lo + c . a(x) + tL,)-l will exist, for any (X, U) in 0 
and 0 < t < 1, as a bounded map in L2. Since (L + c . a + tL,)-l = 
(Lo + c . a)-1 (I + tL1(Lo + c . a)-‘)-’ exists for each t in [0, 11, and inversion 
is continuous, the term (I + tL,(L, + c . a)-‘)-’ will have a uniform bound 
for 0 < t < 1, as a map of L2 + L2. Thus, adding c . a(x) u to each side of 
(2.3), we can write it as 
u = G,[AF, - Qt + c . a u], (2.6) 
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where Qt = t(qr + @J and G, = G,(u, h) is the Green’s operator associated 
with the differential operator taking w E Hz n E to 
((p&q -c tP,(u, V(x) 4’ + (PO(“) + c c+)) w. 
Since (I,, + c a))’ is a compact map of L2 into E (cf. [2]), the right side of 
(2.6) can easily be seen to be a continuous map of (6 x [0, I] into a compact 
subset of E. 
As is shown in [I], results from topology (cf. [3, Chap. 11) enable one to 
obtain a continuum of solutions of (2.1) in .YPv (IJ --y + or -, k = 1, 2,...) 
connecting (X, , 0) to 33, if on the boundary of each open set 0 C & containing 
(& , 0), there is a solution (X, , U) in .Y$ y. The main result to be proved then 
is the following (cf. [I, Theorems 1.4 and 1.521). 
THEOREM 2.2. Let k be a positive integer and v == + or -. Then {f 0 is 
any bounded open set in 8 containing (A, , 0), .Y n i’lfi n .Yku f $. 
Proof. We fix k, (5, and Y (say, Y m-- mr; the case v == - is essentially the 
same). We let I be the linear functional of Lemma 2.1 chosen so that 1 > 0 
on the eigenvectors of (2.2) in S,+. Set 
B, := [(A, 24) E d I I(u) -= 7/}. 
Then B, is a hyperplane of codimension 1 in G and a Banach space with a 
norm inherited from 8. By choosing 7 > 0 sufficiently small, we can guarantee 
that none of the problems (2.6) for 0 < t < 1 has a solution in B,, n &?I n .Yij+. 
To see this, we note that a solution (A, u) in .Yk+, with Z(U) = 7 small, must 
itself be small in Cl by Lemma 2.1. However, Lemma 2.15 of [4] (which 
holds in the present, more general contest) tells us that h can be made as 
close as we like to h, by making 11 u i/r sufficiently small. We cannot have 
(A, U) arbitrarily close to (h, , 0), however, since (X, u) is on N. 
Let u,; be the eigenvector of (2.2) in S;+ with Z(uJ = 1. We define a 
family of maps Yf(y) ~= Y, : B, - B, (0 + t . . I), in stages, as follows. 
We begin by mapping a pair (X, U) in B, to (A, u,,) A (X, u + 7~~) in B,, . 
Then (X, u,J is mapped to (cf. (2.6)) 
wv = u, - Gdu, WFt(u, , N - 8t@,, , A) + c a . 4. 
Finally w,, goes to (Z(w,), w,, - I(w,,) UJ in B,, . A zero of the map Y, corre- 
sponds to a solution (X, U) of (2.6) with I(U) 7: 7. We apply Yy, to vectors 
(A, u) in 
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We can assume that 7 > 0 is chosen so that (2.6) has no solutions in 
B, n X5 n $+ for any t in [0, I]. Since no solution can be in B, n 0 n i?ydL 
by the remark after the proof of Lemma 2.1, and %B, = 4, we see that Y, 
has no zeros on aP,, for 0 < t < 1. Using the homotopy invariance of degree 
(denoted “deg”) we can conclude that 
deg(YI , P,) = deg(Y, , PA, (2.7) 
where degree is with respect to the zero vector in B, . The map Y,, , which 
is derived from Eq. (2.2) has (& , 0) as its only zero in P,, . The derivative 
of Y0 at (& , 0) takes (CL, 2) to 
where Rz = z - GO(X, + c) az. Since the map has the form identity plus 
compact, it will be nonsingular if (0, 0) is its only null vector. Setting the 
expression in (2.8) equal to zero, one arrives at 
(L, - h,a) z = -?pau, 
after a short manipulation. 
(2.9) 
Taking the L2 inner product of both sides of (2.9) with uk yields p = 0 
and, consequently, z = /3uIc for some p. However, l(z) == 0; so /3 = 0. As !PO 
has a nonsingular derivative at (& , 0), we conclude that deg(Y,, , Pv) f 0 
and hence, from (2.7), that 
We now consider deg(Yi(t), 9,), w h ere f is allowed to vary between 77 
and +co. If we assume that Y n X0 n Pk+ = +, then Yr(t) will have no 
zero on WE for any 5 > 7. In that case, Lemma 3, p. 60 of the paper [5] 
by Leray and Schauder tells us that deg(Y,([), PJ will be constant in <. 
But for 5 sufficiently large Ppz: = C$ and thus deg(Yr(<), PE) = 0, a contra- 
diction. 
As an application of Theorem 2.2 which is not covered by the results 
in [l] we refer to Section 3 of [2], w h ere an elastic beam problem is discussed 
and reduced to an equation of type (2.1). 
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